Introduction
============

[@b11-gmb-34-1-177] \[note that in bibliographies Kolmogorov's name is frequently cited and spelled as Kolmogoroff; as also done herein, whenever references are given\] analysed two tables, Tables 4 and 6 of [@b4-gmb-34-1-177], who summarized and analysed the results of a series of experiments which she had done in the preceding years. Ermolaeva followed the design of some experiments made by [@b14-gmb-34-1-177], in what may be seen now as a pointless exercise, to disprove Mendel's principal law of inheritance. Nowadays every basic course of biology states that if one observes self-pollination of a hybrid plant the proportion of dominant plants grown from the resultant seeds will be 3/4.

The main part of Ermolaeva's data related to colour of seed coat: white *vs.* greyish-brown, correlated with white *vs.* violet flowers (Ermolaeva's [Table 4](#t4-gmb-34-1-177){ref-type="table"}) and colour of cotyledons: yellow or green (Ermolaeva's Table 6). The dominant states are respectively grayish-brown seed coat and yellow cotyledon. Ermolaeva did extensive experiments on colour of the seed coat and colour of the seed cotyledon.

Ermolaeva said that her data did not support a model of a constant underlying proportion and in this she was supported by [@b13-gmb-34-1-177] \[note that Lysenko's name frequently appears as Lyssenko in the literature\] who therefore concluded that Kolmogorov was wrong. But [@b11-gmb-34-1-177] wrote: "This material, despite Ermolaeva's claims to the contrary, has proved to be a new brilliant confirmation of Mendel's laws." Kolmogorov's paper is interesting for a number of reasons: it appeared at a critical time for the discipline of genetics in the Soviet Union but also it was an early example of the application of his own statistical test ([@b10-gmb-34-1-177]).

Let *S~n~*(*x*) denote the empirical distribution function of a simple sample of size *n* drawn from a population in which the random variable *X* has a continuous distribution function *F*(*x*). That is *S~n~*(*x*) = *N*(*x*)/*n*, where *N*(*x*) = number of sample values ≤ *x*. Denote by *D~n~* the supremum over the full range of *x* of \| *S~n~*(*x*) -- *F*(*x*)\|. [@b10-gmb-34-1-177] gave the limit distribution of the random variable *D~n~*, giving an expression for the limiting form as *n* → ∞ of $\text{Pr(}D_{n}\, < \lambda/\sqrt{n})$ for arbitrary positive λ. Since *D~n~* tends to zero as *n* → ∞, Kolmogorov's formula provides the basis of a test that a sample of values of *X* come from a postulated distribution *F* providing *n* is large. The limiting expression is given in our third section.

The main part of this paper examines Kolmogorov's application of his test to Tables 4 and 6 of [@b4-gmb-34-1-177] following a section on the data itself. We reproduce the relevant columns of these two tables as our [Tables 4](#t4-gmb-34-1-177){ref-type="table"} and [5](#t5-gmb-34-1-177){ref-type="table"} respectively. [@b4-gmb-34-1-177] concluded that her experiment proved that self-pollination of hybrids, *Aa* x *Aa*, did not produce a consistent segregation ratio. The second issue, assuming that there is a consistent ratio, is whether the proportion of dominants is 3/4. The fourth section of this paper uses a partition of χ^2^ to analyse both issues. Some historical background is given in the fifth section and some general comments in the final section.

Ermolaeva's Experiment
======================

Ermolaeva's [Table 4](#t4-gmb-34-1-177){ref-type="table"} consists of 98 entries relating to seed coat colour. It appears that each entry gives the numbers of dominant and recessive plants (or potential plants, if grown) produced by a single hybrid plant. Thus, [Table 4](#t4-gmb-34-1-177){ref-type="table"} provides *n* = 98 sample values. The variate of interest is the observed proportion of dominants and so the binomial distribution provides the model of variation. Kolmogorov exploited the normal as an approximation to the binomial distribution. [Table 5](#t5-gmb-34-1-177){ref-type="table"} provides 122 values relating to colour of cotyledon.

A question raised by [@b11-gmb-34-1-177] concerned the numbers of plants in each family, that is in each line of [Tables 4](#t4-gmb-34-1-177){ref-type="table"} and [5](#t5-gmb-34-1-177){ref-type="table"}, and hence of the validity of using the standard normal distribution as a model of the binomial. Taking 20 as a desired minimum number of seeds (justification in our Section 4), it is seen that the data relating to seed-coat colour are not satisfactory: only a small number of families have number of seeds of 20 or more. The summary details for [Table 4](#t4-gmb-34-1-177){ref-type="table"} are: minimum number 2, first quartile 9, median 11.5, third quartile 17, and maximum 33. The numbers in respect of cotyledon colour are more satisfactory: minimum 6, first quartile 16.25, median 22, third quartile 28.75, maximum 64. Clearly the use of Kolmogorov's test given below is easier to justify in respect of cotyledon colour.

In the light of the low counts in many families, there would be many observed proportions varying markedly from Mendel's proportion 3/4. Also, in view of experience obtained from experiments before and after Ermolaeva's, some of the results obtained could be explained only as resulting from technical errors such as a parental plant being homozygotic rather than hybrid.

[Table 1](#t1-gmb-34-1-177){ref-type="table"} of our paper is a reproduction of part of Ermolaeva's [Table 3](#t3-gmb-34-1-177){ref-type="table"} which relates to cotyledon colour. Her [Table 3](#t3-gmb-34-1-177){ref-type="table"}, closely related to the data in her Table 6 (our [Table 5](#t5-gmb-34-1-177){ref-type="table"}), but not entirely to only this data, gives the lines used to obtain the hybrid seeds, reference numbers to sets of pollinations, the numbers of plants in a set, the number of seeds classified as dominant, the number recessive, the percentage of seeds dominant and Ermolaeva's indication of goodness of fit to Mendel's 3:1 model, poor fit being denoted by the symbol 'Π'. Some of the indications of significance in Ermolaeva's tables are based on far more stringent requirements than are customary. For example, the very first entry in our [Table 1](#t1-gmb-34-1-177){ref-type="table"} is marked as significant when the observed number of dominants differs from expected by about one standard error.

[Table 2](#t2-gmb-34-1-177){ref-type="table"} of Ermolaeva, closely related to the data in her [Table 4](#t4-gmb-34-1-177){ref-type="table"}, but not entirely to only this data, is reproduced here as our [Table 2](#t2-gmb-34-1-177){ref-type="table"}, and gives a list of the lines used to obtain the hybrid seeds used to study seed-coat colour. It summarises the numbers of dominant and recessive forms obtained from individual seeds. Data in Ermolaeva's [Table 5](#t5-gmb-34-1-177){ref-type="table"} relating to seed form were obtained from only 5 plants and are not considered here. [@b4-gmb-34-1-177] noted one item of detail: "We did not have the opportunity to cross the same pair of plants several times, due to the fact that peas have a comparatively low number of flowers and for a short period of time. Because of this we took several pairs of the same pure-bred types of peas." [@b6-gmb-34-1-177] noted that on average about 30 seeds were classified from each plant in some of Mendel's experiments. As can be seen from [Tables 1](#t1-gmb-34-1-177){ref-type="table"} and [2](#t2-gmb-34-1-177){ref-type="table"} of the present paper, on average fewer \[than 30\] seeds were classified from each mother plant in Ermolaeva's experiment.

[Tables 1](#t1-gmb-34-1-177){ref-type="table"} and [2](#t2-gmb-34-1-177){ref-type="table"} of this paper show that the same parental line (47) was used in the production of all hybrids of the two characters. Ermolaeva did not indicate which line was used as the mother plant from which the F~1~ seeds were taken. It may be that she followed Mendel in making the cross in both reciprocal directions.

Summing the numbers in [Table 1](#t1-gmb-34-1-177){ref-type="table"} yields 2023 dominant and 745 recessive seeds so that the percentage of dominants is 73.1%. The standard error of the observed proportion assuming hypothetical value 0.75 and number of seeds 2023 + 745 = 2768 is 0.00823. Dividing the difference of the observed proportion from 0.75 by the standard error gives an approximate standard normal value 2.326. The two-sided probability of exceeding this value is approximately 2%.

Summing the numbers in [Table 2](#t2-gmb-34-1-177){ref-type="table"} yields 1008 dominant and 355 recessive seeds so that the percentage of dominants is 74.0%. The standard error of the observed proportion assuming hypothetical value 0.75 and number of seeds 1008 + 355 = 1363 is 0.01173. Dividing the difference of the observed proportion from 0.75 by the standard error gives an approximate standard normal value 0.891. The two-sided probability of exceeding this value is approximately 37%.

There are many discrepancies between Ermolaeva's Tables 4 and 6 and the earlier tables.

Rather than referring to the vast amount of work carried out elsewhere which overwhelmingly supported Mendel's, [@b4-gmb-34-1-177] included a quotation from the Lysenko-era geneticist Lev Nikolaevich Delone (Delaunay) (1891--1969). Delone had established a reputation in the Soviet Union using radiation to induce mutations in wheat. He adopted the usual rhetorical device of attributing to the Mendelians something which they would not use in practice. In this case it concerned a plan to produce a plant with a desirable trait or combination of traits controlled by a large number of recessive genes. Delone stated that the probability of obtaining a plant with the desired characteristic from hybrids is 4^--^*^n^*, where *n* is the number of independent (unlinked) genes controlling the trait. When *n* is large, the correctness of this formula is precisely the reason why a Mendelian would not use a mass planting in the hope of finding a plant with the desirable combination of traits.

At least, when referring to orthodox geneticists, Ermolaeva did not use the pejorative label "Johannsen-Mendelian-Morganist", or the more usual label in which Weismann replaces Johannsen, as was Lysenko's custom. At the core of the disagreement between Lysenko and his puppet master Stalin on one side and orthodox geneticists on the other was the concept summarized by [@b22-gmb-34-1-177]: "Heredity as looked upon since the time of Weismann is relatively simple to understand. It consists merely in the persistence of a certain cell constitution (in the germ cells) through an unending succession of cell divisions." [@b12-gmb-34-1-177] claimed, for example, that geneticists believed that this meant that the development of plants and animals was not affected by environmental factors and that the germ plasm could not be changed by mutation. Lysenko either did not understand, or simply ignored, the fact that geneticists recognized the presence of heterozygosity, when it was there, and exploited it in selection for desirable traits, just as he did not understand the possible existence of 'pure lines', such as those studied by Johannsen.

The marked disparity between the numbers of seeds obtained to study seed-coat colour and those for colour of cotyledon was noted above. Families number 4 and 38 in [Table 4](#t4-gmb-34-1-177){ref-type="table"} have rather low numbers of dominant seeds. These two features suggest that there may have been problems in the conduct of these experiments. Family 41 in [Table 5](#t5-gmb-34-1-177){ref-type="table"} (Ermolaeva's Table 6) also has a very low number of dominants.

Kolmogorov's Analysis
=====================

Taking Mendel's model of hybrid heterozygosity Kolmogorov gives the binomial probability of observing *m* dominants in *n* offspring: $$P_{n}\,\left( m \right)\, = \,\frac{n!}{m!\left( {n\, - \, m} \right)!}\,\left( \frac{3}{4} \right)^{m}\,\left( \frac{1}{4} \right)^{n - m}$$

Kolmogorov then recommends that, if the number of individuals in each family is very low, for example less than 10, it is feasible to verify formula (1) with the aid of "the χ^2^ criterion of \[Karl\] Pearson". He does not elaborate on this suggestion. It may be a mistranslation into English of Kolmogorov's intentions, by his translator.

He then defines the normalized deviations Δ as $$\Delta\, = \,\left( {\frac{m}{4} - \frac{3}{4}} \right):\,\sigma_{n},\,\text{where }\sigma_{n}\, = \,\frac{\sqrt{3}}{4\sqrt{n}}$$and notes that these normalized deviations Δ obey approximately the "law of Gauss with unit dispersion", that is the probability for the inequality Δ ≤ *x* to hold is approximately equal to $$P\left( x \right)\, = \,\frac{1}{\sqrt{2\pi}}{\int\limits_{- \infty}^{x}e^{- \xi^{2}/2}}d\xi$$

In (1), (2) we have used Kolmogorov's notation.

Our [Table 3](#t3-gmb-34-1-177){ref-type="table"} reproduces the table given by Kolmo-gorov which shows that the number of times \|Δ \| exceeds unity agrees closely with expectations. Kolmogorov's comment is: "Strangely enough, N.I. Ermolaeva herself states in her work that existence of a considerable proportion of families showing \|Δ \| \> 1 should be regarded as disproving Mendel's theory."

Kolmogorov then makes a formal analysis of Ermolaeva's experiments by means of the what is now known as Kolmogorov's test, which is a one-sample version of the later Kolmogorov-Smirnov two-sample test. He takes the sets of standardized values (2) and tests them against the standard normal distribution.

He refers to the account of his own test, introduced in [@b10-gmb-34-1-177], as presented in the monograph of the leading Russian mathematical statistician of his time, [@b17-gmb-34-1-177]. In this book, the relevant material occurs on pp. 226--229 (Kolmogorov cites p. 226) in a section whose title (in English translation) is: 61. *A new criterion for agreement of an empirical and a theoretical distribution.* [@b11-gmb-34-1-177] uses the notation Φ(λ), of the book, in the way we describe below. We note also that in the preceding section of his book, [@b17-gmb-34-1-177] uses the χ^2^ goodness of fit criterion of Karl Pearson to illustrate the same example as in his Section 61. It is also relevant that Kolmogorov had reviewed the book of [@b17-gmb-34-1-177] when it had appeared, so he would have had it to hand when composing, in the guise of mathematical statistician, the note Kolmogoff (1940).

The following is an adaptation from p. 450 of [@b8-gmb-34-1-177], a close associate of Kolmogorov, of directions for the use of Kolmogorov's test. If the cumulative distribution function under test *F*(*x*) is continuous and the empirical distribution function from a sample of size *n* is denoted by *F~n~*(*x*), then as *n* → ∞, $$\begin{matrix}
\left. \text{Pr}(\sqrt{n}D_{n}\, \leq \,\lambda)\,\rightarrow\, K\left( \lambda \right) \right. \\
{= 0,\,\text{for }\lambda\, \leq \, 0\,} \\
{= \sum\limits_{k = - \infty}^{\infty}{{( - 1)}^{k}\, e^{- 2k^{2}\lambda^{2}}\,\text{for }\lambda\,{> \, 0}\text{.}}} \\
\end{matrix}$$

If the number of trials is very large, then $$\text{Pr}(\sqrt{n}D_{n}\, \leq \,\lambda)\, = \, K(\lambda)\,(\text{approximately}).$$

Let *D~n~*^(0)^ denote the maximum value of \|*F~n~*(*x*) -- *F*(*x*)\| actually found, and set λ~0~ = √*nD~n~*^(0)^. If the difference $$\Phi(\lambda_{0})\, = \, 1 - K(\lambda_{0})\, = \, 1 - \text{Pr}(\sqrt{n}D_{n}\, \leq \,\lambda)\,\text{approximately}$$is sufficiently small (conventionally, less than 0.05), then a very unlikely event has occurred, and the difference between *F~n~*(*x*) and *F*(*x*) is regarded as significant and no longer explained by the randomness of the observed values. However, if Φ(λ~0~) is large, then the difference between *F~n~*(*x*) and *F*(*x*) is considered insignificant, and our hypothesized *F*(*x*) may be regarded as being compatible with experiment. [Figure 1](#f1-gmb-34-1-177){ref-type="fig"} displays the function Φ(λ) for values of λ from 0.4 to 1.5. Note that *n* is used in two senses in quoting from Kolmogorov's paper and Gnedenko's monograph. In the former *n* is used as the number of seeds or plants in a 'family' and in the latter the number of lines in either [Table 4](#t4-gmb-34-1-177){ref-type="table"} or 6 of Ermolaeva, that is the sample size in Kolmogorov's test.

Kolmogorov's values for λ~0~ were respectively 0.75, Φ(λ~0~) = 0.37 for colour of cotyledon ([Table 5](#t5-gmb-34-1-177){ref-type="table"}, 122 families); and 0.82, Φ(λ~0~) = 0.49 for colour of seed coat ([Table 4](#t4-gmb-34-1-177){ref-type="table"}, 98 families). Thus, according to these values, agreement in both cases is good: and on p. 41, [@b11-gmb-34-1-177] describes it as "quite satisfactory".

We attempted to verify Kolmogorov's calculations using the statistical package **R**, specifically its procedure *ks.test*, relevant to the Kolmogorov-Smirnov tests, on the obtained frequencies in Tables 4 and 6, reproduced here in condensed form in [Tables 4](#t4-gmb-34-1-177){ref-type="table"} and [5](#t5-gmb-34-1-177){ref-type="table"} respectively. For colour of cotyledon the criterion of maximum difference between empirical and theoretical distribution function *D~n~* = 0.0905 and λ~0~ = 0.999, with 2-sided probability 0.27 and for seed-coat colour *D~n~* = 0.0667 and λ~0~ = 0.660, with probability 0.78. Our [Figure 2](#f2-gmb-34-1-177){ref-type="fig"} shows the empirical distribution of values relating to colour of cotyledon plotted against the standard normal distribution function and [Figure 3](#f3-gmb-34-1-177){ref-type="fig"} the corresponding plots for seed-coat colour. A notable feature of both [Figure 2](#f2-gmb-34-1-177){ref-type="fig"} and [Figure 3](#f3-gmb-34-1-177){ref-type="fig"} is the negative skewness of the distributions of proportions. *ks.test* advised that the probabilities shown above which it calculated were not correct because of the presence of coincidences in the data sets.

[Figures 2](#f2-gmb-34-1-177){ref-type="fig"} and [3](#f3-gmb-34-1-177){ref-type="fig"} give a visual impression of agreement with the Mendel model except at the left hand end. [@b8-gmb-34-1-177], however, clearly specifies that the test was to be applied to continuous distributions whereas the data in this application are discrete, and there are some duplications of values of both sets of data, an event which has zero probability for continuous distributions. Accordingly there are ambiguities in calculating the probability associated with maximum *D~n~* values.

A related problem is inclusion in the above analysis of small families, whereas for Δ to properly approximate a sample value from a standard normal distribution, the family size *n* should be large. In respect of seed-coat colour, for example, there are two plants with 2 dominant and 3 recessive seeds. These were the readings associated with maximum *D~n~* value. In respect of colour of cotyledon, the maximum *D~n~* occurred at cumulative probability around 0.5. Additionally, in [Table 5](#t5-gmb-34-1-177){ref-type="table"} there are some suspect readings. Family \# 148 records 0 dominants and 10 recessives, while family \# 105 records 50 dominants and 0 recessives. In Ermolaeva's [Table 4](#t4-gmb-34-1-177){ref-type="table"}, there is one plant from which all seeds were classified as recessive. Such readings are highly unlikely results from hybrid crosses *Aa* x *Aa*.

Analysis of Ermolaeva's Tables 4 and 6 Using the Chi-Squared Distribution
=========================================================================

A rule of thumb which is generally applied in the related statistical problem of applying a normal approximation with continuity correction to readings from a binomial distribution is that both *np* ≥ 5 and *n*(1 -- *p*) ≥ 5, where *p* (here 3/4), is the probability of "success" in *n* trials. Thus if we apply this rule, family size should be at least 20. If we apply this rule by including only families of at least 20, and additionally exclude from consideration from [Table 5](#t5-gmb-34-1-177){ref-type="table"} family \# 105, we can be reasonably confident that each Δ^2^, the square of a standard normal variable, has a χ^2^ distribution independently of the other Δ^2^'s, and when we sum such Δ^2^'s, the sum will have a χ*~N~*^2^ distribution, where *N* is the number of summands, under the hypothesis the Mendelian "3/4".

Then for [Table 4](#t4-gmb-34-1-177){ref-type="table"} we obtain observed χ~13~^2^ = 20.579, with p-value a 0.09; and for her Table 6 χ~75~^2^ = 90.211, with p-value 0.11. Since both p-values exceed the conventional cut-off of 0.05, there is no strong statistical evidence against the Mendelian hypothesis.

In the above brief χ^2^ analysis we have attempted to use an essentially equivalent test to Kolmogorov's inasmuch as it relies on the approximate standard normality of the Δ's, after "cleaning" the data appropriately. So while the conclusion drawn by [@b11-gmb-34-1-177] confirms what is now totally accepted, the evidence in support of this conclusion is not as strong as his paper presents. Of course his statistical technology was well beyond the understanding of [@b13-gmb-34-1-177] and [@b9-gmb-34-1-177], who could hardly argue on the grounds of its incompletely justified application and possible arithmetic error, to data which may have been poorly prepared. [@b19-gmb-34-1-177] describes Kolman's leading role in the attacks on mathematicians and traditional pure mathematics in the Soviet Union during the Stalinist era.

We now pass to a consideration of Ermolaeva's [Tables 2](#t2-gmb-34-1-177){ref-type="table"} and [3](#t3-gmb-34-1-177){ref-type="table"} (our [Tables 2](#t2-gmb-34-1-177){ref-type="table"} and [1](#t1-gmb-34-1-177){ref-type="table"} respectively). These at first appear to be condensations of Tables 4 and 6, and while this is partially true, there are a number of inconsistencies and inaccuracies.

For example the third line of [Table 1](#t1-gmb-34-1-177){ref-type="table"} should show 52 dominants instead of 42. Making the substitution in that line gives the percentage of dominants as 65.8 instead of 60.9.

There are 122 lines of data in [Table 5](#t5-gmb-34-1-177){ref-type="table"}, but there are 123 families considered in [Table 1](#t1-gmb-34-1-177){ref-type="table"}. [@b11-gmb-34-1-177] therefore thought the number of lines in [Table 5](#t5-gmb-34-1-177){ref-type="table"} was 123 while it is actually 122. He reports 38 as the number of lines in [Table 5](#t5-gmb-34-1-177){ref-type="table"} where Δ \> 1, which is correct, but the percentage is slightly "out", since it relates to a total of 123.

Each line in [Table 5](#t5-gmb-34-1-177){ref-type="table"} appears to be the result of scoring the state, that is with either yellow or green cotyledon, of the seeds from the pod or pods produced by a self-pollinating hybrid plant derived from the pollination designated in [Table 1](#t1-gmb-34-1-177){ref-type="table"}.

It seems that some hybrid plants produced one use-able or used pod and others more. Summing the numbers in Table 6 yields 2104 dominants and 742 recessives, the percentage of dominants 73.9 and a standard normal value 1.320, so not significantly different from 3/4.

Looking at the histogram of the 122 individual proportions of dominants gives only weak support to the view taken by [@b13-gmb-34-1-177], discussed below, that it is not reasonable to consider that the segregation of states comes from a single underlying proportion 3/4, but rather that the phenomenon is more variable. There are 13 proportions below 0.6, some clearly explicable by virtue of small sample size. The final entry gives 10 seeds all recessive. This was part of batch 16 ([Table 1](#t1-gmb-34-1-177){ref-type="table"}), which was one of 8 batches of the cross 178 x 47. [Table 1](#t1-gmb-34-1-177){ref-type="table"} shows that the other 7 batches gave proportions remarkably consistent with 3/4. Ermolaeva shows 6 plants used in batch 16 ([Table 1](#t1-gmb-34-1-177){ref-type="table"}) whereas there are only 5 in [Table 5](#t5-gmb-34-1-177){ref-type="table"}. Summing these five yields the percentage 59.8 instead of the 56.8 given by Ermolaeva.

Ermolaeva constructed her [Table 2](#t2-gmb-34-1-177){ref-type="table"} by condensing the data relating to colour of the seed-coat given in [Table 4](#t4-gmb-34-1-177){ref-type="table"}. About one third of the lines in [Table 2](#t2-gmb-34-1-177){ref-type="table"} are inconsistent with the entries in [Table 4](#t4-gmb-34-1-177){ref-type="table"}. There are 98 lines of data in Ermolaeva's [Table 4](#t4-gmb-34-1-177){ref-type="table"}. The total number of dominants is 939 and recessives 336 giving the percentage of dominants 73.6 and standard normal value 1.116. The final line of [Table 2](#t2-gmb-34-1-177){ref-type="table"} gives a batch with label 13a for which there are no corresponding entries in [Table 4](#t4-gmb-34-1-177){ref-type="table"}. This accounts for much but not all of the difference between the total numbers of plants of the two tables.

[@b5-gmb-34-1-177] and associated papers examine the properties of the formula developed by [@b16-gmb-34-1-177] $$\chi^{2}\, = \, S\left( \frac{{(x - m)}^{2}}{m} \right),$$where *S* denotes summation over a number of cell frequencies, *x* is a typical cell count and *m* the corresponding expected cell count. Consider a single line in Ermolaeva's [Table 4](#t4-gmb-34-1-177){ref-type="table"} (or 6) and denote by *d* the number of 'dominants', by *r* the number of 'recessives' and by θ the expected proportion of dominants. Because $$\frac{{(d\, - \,{\theta(}d\, + \, r))}^{2}}{{\theta(}d\, + \, r)}\, + \,\frac{{(r\, - \,(1\, - \,{\theta)(}d\, + \, r))}^{2}\,}{(1\, - \,{\theta)(}d\, + \, r)}\, = \,\frac{{(d\, - \,{\theta(}d\, + \, r))}^{2}\,}{{\theta(1\,} - \,{\theta)(}d\, + \, r)}$$the refinements demonstrated by Fisher can be applied to Δ^2^ as defined in (2) and sums of such terms. [@b5-gmb-34-1-177] set out the conditions which should apply when using (4) as a "measure of discrepancy between observation and expectation". An important issue in the application of (4) is using the correct number of degrees of freedom. Fisher noted that these should be determined by the number of degrees of freedom in which observation and expectation might differ. So, in applying (4) to (5), although there are 2 cells there is only one degree of freedom, in accord with the use of Δ^2^ earlier. Fisher noted that, if an estimate θ̃ of θ was made, the number of degrees of freedom should be reduced by one. Further, such an estimate should be consistent and efficient and an estimate made by minimising χ^2^ was both. The left hand side of (5) and therefore the equivalent right hand side can be applied to Tables 4 and 6 by substituting θ = 3/4 with *N* degrees of freedom and θ = θ̃, with *N* -- 1 degrees of freedom. The difference between the two values of χ^2^ is χ^2^ with one degree of freedom and measures the improvement to the goodness of fit made by estimating θ from the data. It also provides a test of whether θ = 3/4 should be rejected.

The estimate θ̃ = 0.740 is obtained from the reduced data set of [Table 4](#t4-gmb-34-1-177){ref-type="table"} with χ~12~^2^ = 20.401 (p = 0.074) and χ~1~^2^ = 0.178 (p = 0.95). The corresponding values obtained from the reduced data set of [Table 5](#t5-gmb-34-1-177){ref-type="table"} are θ̃ = 0.7365, χ~74~^2^ = 88.051 (p = 0.14) and χ~1~^2^ = 2.160 (p = 0.36). Accordingly, in neither case does θ̃ provide a significantly better fit to the data than 3/4.

Some Historical Background
==========================

[@b20-gmb-34-1-177],in his Section 6. *Genetika* gives an account of the fate of Mendelian genetics in the Soviet Union in the 1930's and 1940's. Here without his specific citations are extracts in translation by one of the authors (ES) as well as supplementary information from [@b21-gmb-34-1-177]: "Up to 1930, the USSR was "the leading centre for investigations of Mendelianism and was acknowledged as such worldwide" \... but from 1939 the development of Soviet genetics was blocked, and in 1948 it was totally destroyed. From 1935 genetics was called an idealistic science in opposition to dialectical materialism, and N.I. Vavilov, its foremost figure, began to be persecuted\...He was arrested in 1940,and died in prison in 1943.The final destruction of genetics occurred in 1948 at the All-Union conference\...the main persecutor being T.D. Lysenko. \...At this conference V.S. Nemchinov also participated. His speech was repeatedly interrupted by loud jeers. Nevertheless he managed to say that "the chromosome theory of inheritance has entered the golden treasury of science". And further: "I am able to verify this theory from the standpoint of\... statistics." At the Second All-Union Statistical Conference, of the same year \[in Tashkent, Romanovsky's home base -ES\] he was "decisively censured" for his attempts to statistically justify "reactionary Weismann-ist theories" and for his presentation "from positions of the Mach-ist Anglo-American School, which accords statistics\... the role of arbiter over other sciences." It is not surprising that he soon had to leave his post as Director of the All-Union Timiriazev Agricultural Academy, and to resign as Chair of its Department of Statistics.At the Tashkent Conference Romanovsky, the chairman of the organizing committee, who had been in correspondence with Nemchinov, had also to confess to "ideological errors, in some of his earlier work" \[apparently as a result of his adherence to the direction of the English Biometric School of mathematical statistics -- ES\], even though Kolmogorov, who was present at the conference, in his report praised the great work done by Romanovsky and his School.When the great probabilist S.N. Bernstein was about to publish the 5th edition of his textbook \[Teoriia Veroiatnostei. (The Theory of Probability)\] in 1949 or 1950 \[the famous 4th edition had appeared in 1946 --ES\], because he categorically refused to exclude a few pages dedicated to Mendelism, its publication was stopped at page-proof stage. It is not difficult to see that the censure at the Tashkent conference was a disguised censure of Kolmogorov \[not least for his defence of Mendelianism in [@b11-gmb-34-1-177], with which Romanovsky was associated -- ES\].B.V. Gnedenko, perceiving that probability theory itself was beginning to come under attack as a result of their support, expressed regret \[in 1950\] at Kolmogorov's and other leading mathematicians' support of Mendelism; and with patience and reason tried to placate the Lysenko hotheads.""

The article by [@b4-gmb-34-1-177] was brought to Kolmogorov's attention ([@b11-gmb-34-1-177]; footnote on p. 37) by the geneticist Aleksandr Sergeevich Serebrovsky (1892--1948), a dedicated "Morganist". [@b9-gmb-34-1-177] noted this motivation, and that he saw dangers in Serebrovsky's "errors", of which "he more than once feigned to repent". Kolman was a truly malign influence for Soviet science, in particular mathematical science (see [@b19-gmb-34-1-177]) as well as biological. When he became the director of the Association of Natural Science of the Communist Academy at the beginning of 1931, he: ""was even ready to rework Newton's Laws, and Boyle's Law from the perspective of dialectical materialism. He asserted that biology in the USSR was swarming with saboteurs; \... The works of Deborin's followers in biology (\..., A.S. Serebrovsky, and others) were declared anti-Marxist."([@b23-gmb-34-1-177])."

[@b9-gmb-34-1-177], on p. 836, as the "mathematical expert" of the dialectical materialists, tries to harness S.N. Bernstein to his cause by citing a passage from the 1934 edition of the book of Bernstein: ""who writes that the results of crossing peas show compatibility with Mendel's hypothesis. Now\... compatibility neither proves nor confirms this theory, for the same material may prove to be compatible also with other theories.""

Kolman's back-up note for [@b13-gmb-34-1-177] was, of course, "Communicated by T.D. Lyssenko, Member of the Academy, 2.VII.1940", as only Academicians had the right to publish or communicate in the *Comptes Rendus (Doklady)*. It must have been galling for Bernstein who is listed in the table of contents of the 30 September issue as *Rédacteur*, though not chief editor; while Kolmogorov is one of the *Comité de Rédaction*.

The information in the following three paragraphs sketches the genetic background to the paper by [@b11-gmb-34-1-177] and serves to introduce Dobzhansky's role. It is extracted largely from [@b7-gmb-34-1-177].

H.J. Muller brought cultures of American *Drosophila* from Morgan's laboratory to Moscow in August 1922, and in the July 1927 issue of *Science* published a report of his research on the artificial production of mutations. Serebrovsky succeeded in publishing an article in *Pravda* (Number 207, September 11, 1927) in which he emphasized not only the practical importance of Muller's finding but also that they refuted the doctrine (Lamarckism) of the inheritance of acquired characteristics. As Senior Geneticist, 1933/1937, in Leningrad and Moscow, needless to say, Muller was heavily involved in the controversy with Lysenko.

In fact, in 1926 the "Lamarckists" had issued a collection of papers on the inheritance of acquired characteristics. Of the four essays, three defended the Lamarckian position and one, by the young Theodosius Dobzhansky (1900--1975), opposed it. This was before Muller's important publication on mutation. In 1927 Dobzhansky left Russia to work in Thomas Morgan's laboratory in the USA. Morgan was to become one of the most reviled figures among Stalinist biologists.

The Fifth International Congress of Genetics was held in Berlin in September 1927, and a large Soviet contingent participated. It included L.N. Delone, Iu. A. Filipchenko, A.S. Serebrovsky and N.I. Vavilov. S.S. Chetverikov (1880--1959) presented a major paper on his group's (it had included Dobzhansky) work on wild populations of *Drosophila*.

Chetverikov was arrested by the OGPU in 1929 and sent to Yekaterinburg for 5 years. He was dismissed in 1948 from his post through Lysenko's influence.

Dobzhansky achieved great eminence for his work on *Drosophila* and played a prominent part in the "Evolutionary Synthesis" which reconciled the theories of Mendel and Darwin. He worked in Brazil and was well-known to prominent Brazilian geneticists of the day. [@b3-gmb-34-1-177] give the site, year and collector of samples of *Drosophila* from various places in North and South America. Dobzhansky collected from Belem, July 1952; Ican, August 1952 and Angra dos Reis (state of Sao Paulo) in May 1956. Apart from these Brazilian sites he collected in several other sites in South America with C. Pavan in 1956. An earlier paper ([@b1-gmb-34-1-177]) includes as co-authors the distinguished Brazilian geneticists A.R. Cordeiro and C. Pavan. In [@b3-gmb-34-1-177], Dobzhansky classified his samples in 6 groups : Centro American, Amazonian, Transitional (Colombia, Venezuela), Andean, Orinocan and Guianan. From the study of crossing flies from his samples, he concluded that "\...*D. paulistorum* is, considered as a whole, a single species." Dobzhansky's influence is still evident in South America. [@b18-gmb-34-1-177] cite the [@b1-gmb-34-1-177] paper and note that the stocks used were collected by Dobzhansky and Pavan amongst others. [@b15-gmb-34-1-177] give a much fuller account of Dobzhansky's contributions to the advancement of genetics in Brazil.

Concluding Remarks
==================

[@b6-gmb-34-1-177] wrote: "In 1930, as a result of a study of the development of Darwin's ideas, I pointed out that the modern genetical system, apart from such special features as dominance and linkage, could have been inferred by any abstract thinker in the middle of the nineteenth century if he were led to postulate that inheritance was particulate, that the germinal material was structural, and that the contributions of the two parents were equivalent. I had at that time no suspicion that Mendel had arrived at his discovery in this way. From an examination of Mendel's work it now appears not improbable that he did so and that his ready assumption of the equivalence of the gametes was a potent factor in leading him to his theory. In this way his experimental programme becomes intelligible as a carefully planned demonstration of his conclusion."

In his defence of Mendelism, Kolmogorov did not appeal to any *a priori* arguments of the kind given by [@b6-gmb-34-1-177]. Instead he relied simply on the data. As has been shown, he ignored the fact that, strictly speaking, his test assumed continuous data whereas the actual data were discrete and in some cases based on inadequately small numbers. Also he did not bother to look for evidence of technical errors in the data. Finally, the implementation of his test appears to have been faulty. If one puts aside all the pure and applied research that had been carried out throughout the world and views Ermolaeva's work in isolation, there are some points of inference worth considering. There were significant departures from homogeneity from a constant segregation proportion. In interpreting these it would be necessary to take account of failures to maintain strict experimental control. As far as significant departure from 3/4 is concerned, this could be explained, at least in part, to lack of control. In respect of colour of cotyledon, as [@b9-gmb-34-1-177] noted, the empirical distribution function lies fairly consistently to the left of the normal distribution function. But the same comment could not be made about seed-coat colour. In any case, taking into account the kinds of *a priori* considerations raised by Fisher, it would have been prudent to try to repeat the experiment and to move on to other experiments, for example to backcrossing, as Mendel did.

Alan Stark thanks Dr. Allen Dobrovolsky of A.D. Envirotech Australia Pty Ltd for translating [@b4-gmb-34-1-177] from Russian into English. Eugene Seneta thanks Dr. Thomas Fung, of Macquarie University, Sydney, for assistance with aspects of the statistical package **R**. Both are grateful to Irene Buschtedt, Halyna Syta and Allen Dobrovolsky for finding electronic information concerning L.N. Delone.
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###### 

Segregation of cotyledon colour.

  Crossing    Ref   \#Plants   \#Dom   \#Rec   %Dom   Fit[†](#tfn1-gmb-34-1-177){ref-type="table-fn"}
  ----------- ----- ---------- ------- ------- ------ -------------------------------------------------
  179a x 47   1     8          157     44      78.1   Π
  179a x 47   2     7          120     44      73.2   
  179a x 47   3     4          42      27      60.9   Π
  179a x 47   4     6          99      43      69.7   Π
  179a x 47   5     11         135     59      69.6   Π
  6 x 47      6     8          119     37      76.3   
  6 x 47      7     7          116     37      75.8   
  178 x 47    8     9          153     47      76.5   
  178 x 47    9     11         208     69      75.1   
  178 x 47    10    10         170     54      75.9   
  178 x 47    12    11         159     68      70.0   Π
  178 x 47    13    10         175     63      73.5   
  178 x 47    14    8          122     40      75.3   
  178 x 47    15    7          190     69      73.4   
  178 x 47    16    6          58      44      56.8   Π

The symbol Π marks counts which Ermolaeva regarded as inconsistent with Mendel's model.

###### 

Segregation of seed-coat colour.

  Crossing   Ref   \#Plants   \#Dom   \#Rec   %Dom   Fit[†](#tfn2-gmb-34-1-177){ref-type="table-fn"}
  ---------- ----- ---------- ------- ------- ------ -------------------------------------------------
  128 x 47   1     3          48      12      80.0   
  128 x 47   2     5          40      24      62.5   Π
  128 x 47   6     6          64      28      69.6   Π
  128 x 47   9     10         110     38      74.3   
  128 x 47   10    12         129     37      77.7   
  6 x 47     3     9          50      24      67.6   Π
  702 x 47   4     6          74      31      70.5   Π
  702 x 47   5     4          19      7       73.1   
  702 x 47   7     10         74      40      64.9   Π
  702 x 47   8     9          94      18      83.9   Π
  702 x 47   11    8          75      21      78.1   
  702 x 47   12    8          45      26      63.4   Π
  702 x 47   13    10         102     33      75.6   
  702 x 47   13a   7          84      16      84.0   Π

The symbol Π marks counts which Ermolaeva regarded as inconsistent with Mendel's model.

###### 

Extract from [@b11-gmb-34-1-177].

                             Segregation for the colour of the flower and axil   Segregation for the colour of cotyledons   Theoretically expected         
  -------------------------- --------------------------------------------------- ------------------------------------------ ------------------------ ----- -----
  Total number of families   98                                                  100                                        123                      100   100
  showing \| Δ \| ≤ 1        66                                                  67                                         85                       69    68
  showing \| Δ \| \> 1       32                                                  33                                         38                       31    32

###### 

Condensed version of Ermolaeva's [Table 4](#t4-gmb-34-1-177){ref-type="table"}.

  Set   Fam.   D : r     Set   Fam.   D : r    Set   Fam.   D : r    Set   Fam.   D : r
  ----- ------ --------- ----- ------ -------- ----- ------ -------- ----- ------ --------
  1     1      17 : 3    5     26     7 : 1    8     52     3 : 2    11    77     13 : 3
  1     2      16 : 4    5     27     5 : 0    8     53     7 : 4    11    78     7 : 5
  1     3      15 : 5    6     28     17 : 6   9     54     14 : 3   11    79     14 : 3
  2     4      11 : 11   6     29     4 : 6    9     55     17 : 7   11    80     3 : 1
  2     5      4 : 5     6     30     12 : 4   9     56     14 : 2   11    81     12 : 3
  2     6      8 : 3     6     31     8 : 3    9     57     16 : 4   11    82     6 : 3
  2     7      10 : 3    6     32     15 : 4   9     58     14 : 3   12    83     8 : 4
  2     8      7 : 2     6     33     8 : 5    9     59     7 : 1    12    84     12 : 4
  3     9      4 : 2     7     34     5 : 2    9     60     9 : 1    12    85     9 : 5
  3     10     9 : 1     7     35     5 : 3    9     61     10 : 7   12    86     5 : 2
  3     11     3 : 7     7     36     12 : 5   9     62     12 : 6   12    88     2 : 1
  3     12     6 : 3     7     37     6 : 1    10    63     15 : 4   12    89     4 : 3
  3     13     10 : 2    7     38     18: 13   10    64     5 : 1    12    90     5 : 6
  3     14     2 : 3     7     39     4 : 1    10    65     11 : 5   12    91     9 : 4
  3     15     10 : 1    7     40     3 : 2    10    66     2 : 0    13    92     15 : 3
  3     16     2 : 3     7     41     5 : 1    10    67     21 : 8   13    93     23 : 3
  3     17     4 : 2     7     42     8 : 8    10    68     13 : 5   13    94     8 : 1
  4     18     11 : 6    7     43     8 : 4    10    69     8 : 3    13    95     8 : 1
  4     19     7 : 4     8     44     15 : 3   10    70     17 : 1   13    96     13 : 2
  4     20     26 : 7    8     45     7 : 2    10    71     13 : 3   13    97     0 : 17
  4     21     12 : 7    8     46     23 : 3   10    72     9 : 2    13    98     10 : 0
  4     22     14 : 4    8     47     12 : 1   10    73     5 : 1    13    99     9 : 0
  4     23     6 : 3     8     48     18 : 3   10    74     10 : 4   13    100    7 : 2
  5     24     4 : 3     8     49     11 : 0   11    75     11 : 3                
  5     25     3 : 3     8     51     8 : 2    11    76     9 : 0                 

'Set' refers to crosses; 'Fam.' denotes family; 'D : r' denotes dominant : recessive.

###### 

Condensed version of Ermolaeva's Table 6.

  Set   Fam.   D : r     Set   Fam.   D : r     Set   Fam.   D : r     Set   Fam.   D : r
  ----- ------ --------- ----- ------ --------- ----- ------ --------- ----- ------ ---------
  1     22     11 : 4    5     53     13 : 6    9     84     20 : 4    13    118    11 : 4
  1     23     27 : 8    5     54     13 : 7    9     85     17 : 6    13    119    15 : 4
  1     24     12 : 5    5     55     10 : 5    9     86     21 : 9    13    120    13 : 7
  1     25     14 : 7    5     56     11 : 8    9     87     13 : 6    13    121    24 : 7
  1     26     5 : 1     5     57     19 : 5    9     88     8 : 5     13    122    15 : 2
  1     27     20 : 5    6     58     17 : 5    9     89     44 : 13   13    123    18 : 11
  1     28     43 : 11   6     59     11 : 4    9     90     28 : 7    13    124    13 : 7
  1     29     25 : 3    6     60     21 : 10   9     91     21 : 10   13    125    23 : 8
  2     30     16 : 10   6     61     18 : 4    10    93     27 : 7    14    126    20 : 3
  2     31     25 : 6    6     62     8 : 3     10    94     22 : 7    14    128    22 : 5
  2     32     15 : 8    6     63     16 : 5    10    96     17 : 7    14    129    6 : 6
  2     33     26 : 5    6     64     17 : 3    10    97     13 : 9    14    130    23 : 3
  2     34     12 : 1    6     65     11 : 3    10    98     10 : 4    14    131    13 : 9
  2     35     11 : 2    7     66     16 : 5    10    99     7 : 2     14    132    17 : 6
  2     36     15 : 12   7     67     31 : 9    10    100    22 : 1    14    133    12 : 4
  3     37     20 : 6    7     68     18 : 6    10    101    25 : 12   15    134    13 : 3
  3     38     5 : 4     7     69     5 : 2     10    102    23 : 5    15    135    16 : 4
  3     39     8 : 2     7     70     15 : 6    11    103    6 : 3     15    136    30 : 12
  3     40     19 : 15   7     71     15 : 4    11    104    16 : 3    15    137    31 : 13
  4     41     9 : 13    7     72     16 : 5    11    105    50 : 0    15    138    24 : 2
  4     42     10 : 5    8     73     17 : 4    12    106    15 : 6    15    139    19 : 5
  4     43     20 : 8    8     74     22 : 8    12    107    26 : 7    15    140    3 : 5
  4     44     15 : 4    8     75     13 : 5    12    108    14 : 5    15    141    37 : 14
  4     45     18 : 8    8     76     19 : 4    12    109    9 : 5     15    142    46 : 18
  4     46     27 : 5    8     77     12 : 3    12    110    22 : 8    16    143    19 : 7
  5     47     14 : 5    8     78     13 : 6    12    111    14 : 6    16    145    7:7
  5     48     8 : 5     8     79     22 : 6    12    112    12 : 8    16    146    10 : 2
  5     49     26 : 4    8     80     29 : 4    12    113    8 : 9     16    147    22 : 13
  5     50     11 : 5    8     81     16 : 7    12    114    23 : 6    16    148    0 : 10
  5     51     4 : 6     9     82     11 : 4    12    116    12 : 6                 
  5     52     6 : 3     9     83     22 : 3    13    117    23 : 10                

'Set' refers to crosses; 'Fam.' denotes family; 'D : r' denotes dominant : recessive.
